Equation Chapter 1 Section 1 ﬂ‘ y

To Prove: The point P traces out an ellipse if the lengths (71 and fz from the points
X=-a and X=+a add up to a constant.

Proof

Let

( +10,=2L>2a 1)
Pythagoras yields

612:(a+x)2+y2:x2+2ax+az+y2 (2)
522:(x—a)2+y2:x2—2ax+a2+y2 (3)

Subtract eq. (3) from eq. (2):

02— 0,2 =(0,—0,)(Ly+0,)=4ax (4)
Then
(€,—C,)=4ax/({,+(,)=2ax/L (5)

Solving for £, and /, from egs (1) and (5) yields

ax
Kl_L+T (6)



ax
fZ—L—T (7)

Equate the square of eq. (6) to eq. (2):

2 2,2
L+ 2] 2 r2ax+ 25 =2 4 2ax+ a2+ y? (8)
L L2
Collect terms to give
2 2,2
(L+%j :L2+2ax+a)z(
L L
—
aZ
g (LF]* yi=L-al =y, ©)

Equation (9) is the equation of an ellipse with axes 2a and 2V, ,x = 2(L2 -a’ )1/2. If

a’ >12/2 then 2a is the major axis and similarly if a® < L?/2 then 2a is the minor
axis. If a=0 then eq. (9) reduces to that of a circle with radius L.

QED



